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CHAPTER I

INTRODUCTION

The problem of mass motion has become of increasing interest in
recent years.

The need for highly purified materials, not only in the

scientific laboratory for experimentation purposes, but also in industry
in the production of solid state devices, as well as in the operation of
nuclear devices, requires a greater knowledge of the mechanisms involved in mass transfer.
One technique that is used for the separation of materials involves
the application of an electric field and thereby an enrichment of a material at one of the electrodes.

For instance, if the material in question is

an alloy of metals, it might intuitively be expected that the mass of a
given component would increase at the cathode and correspondingly decrease at the anode, metallic ions being usually positive.

The rate at

which the mass increases, could be expected to be dependent on such
factors as the magnitude of the electric fie:'d, the ease with which an
ion will move through the surrounding medium, and the valency of the
migrating metallic ion.

Since the ease of motion is in general dependent

on the temperature, becoming easier at the higher temperatures, the
mass flow should be greater at high temperatures.

It is quite surprising

2
to find out that our intuition is wrong, not just in a few interesting cases,
but in the majority of cases.

That is, mass motion proceeds toward the

anode, opposite in direction to the force due to the electric field, and
decreases in rate of accumulation as the temperature is increased.
Obviously, there are other factors present that will have to be taken into
account.
In examining this phenomenon analytically, the best starting point
is a fundamental case, the generalized problem then being an extension
that can usually be done.

In the present instance the fundamental case

will be considered to be a single substance in its most ordered form.
That is, we consider a pure metal in its solid form, and determine the
mas s transfered by the application of a potential. gradient.
Although a solid is theoretically desirable, it does present some
experimental difficulties.

Since the ions in a solid are tightly bound to

their lattice positions, the mas s motion occurs at a rather slow rate,
and it is impossible to measure the increase in mass at an electrode with
any precision in a plausible length of time.
a marker is used to indicate motion.

To circumvent this difficulty

This marker can be a scratch or a

painted line on the wire I s surface and as such, is fixed with respect to
the lattice.

As the ions move they create new lattice planes in the region

where they terminate, while the vacancies traveling in the opposite

3
direction destroys lattice planes.

The net effect of this lattice plane

transfer is for the marker to move opposite to the ion flow.

As the

marker velocity is proportional to the rate of mass transfer, this method
furnishes a feasible experimental technique for evaluating the latter
quantity.
An experimental arrangement would consist of the following components:

First, a uniform wire that has no sharp bends or kinks and

is marked at periodic intervals along its length.

Second, some method

of support for the wire that will not induce stresses as it expands and
contracts from the resistance heating.

Any stresses that do appear

exert forces of their own on the markers causing extraneous results.
One way to do this would be to float the specimen on a block.

Third,

a method of measuring the temperature distribution along the wire;
perhaps a thermocouple or an optical pyrometer.

Fourth, an inert

atmosphere that will not react with the metal changing its purity.
Fifth, a method of accurately fixing the location of the individual markers.

And finally, an adequate power supply capable of supplying the

huge current necessitated by the low resistivity of a metal.

For a

more complete description of an experimental set-up and procedure
reference is here made to the paper by Huntington and Grone l .

CHAPTER II
EXPERIMENTAL AND THEORETICAL DEVELOPMENT

The initial experimental and associated work on the problem of
mass motion of metallic ions was done with alloys and with mixtures of
liquid metals.

Jost 2 has reviewed many of these early experimental

efforts and some of their results in his book on diffusion.

More recent

references are given by Heumann 3 and by Jacobs 4 , although the latter
primarily contains references to the isotopic separation of liquid metals
known as the Haeffner Effect.
In 1956, the first experimental work was done on a single solid
metal--copper--by H. Wever 5 •

He observed that transport took place

toward the anode when the temperature was below 950 0 C.

Then, some-

where around 950 0 C, the direction of transport reversed and took place
toward the cathode.

The explanation advanced involves the presumption

'of two forces acting on the ion.

First, there is a force due to the

electric field acting directly on the ion.

Second, there is a force due

to the scattering of electrons by ·the lattice imperfections.

Acting in

opposite directions, they could conceivably cancel each other out.
Wever used an expression for the second force, derived in a private
communication by Huntington, which yields results that are too large

5
by a factor of 13.

However, if this factor is included, the reversal of

transport motion is properly predicted.
Further experiments on nickel and iron by Wever 6 in 1958 tended
to confirm one aspect of the idea of a force due to electron scatterinO'
o
interacting with the force of the electric field.

Where electron con-

duction is the main method of carrying a current, the two forces are
oppositely directed, inducing the transport motion seen in copper.
However. when hole conduction prevails, the two forces are in the
same direction altering the complexion of the transport motion.

Iron

and nickel, two very similar metals in general, are distinguished by
the fact that nickel is predominantly an
predominantly a hole conductor.

elec~:;:-on

conductor and iron is

Wever's meaSu:i.. ements with these
4

metals es sentially corroborated the predicted effect.
In 1959, V. B. Fiks 7 derived a relation for the total force exerted
on an ion, in terms of the scattering eros s section for electrons and the
mean free path of electrons in a metal.

His model for this derivation

is the same as Wever's, that is, a com:)etition between the force of the
electric field and the force of the scattered electrons.

Then using the

Einstein relation between mobility and diffusion, and a value for the
diffusion coefficient based on Frenkel's work on diffusion, he arrived
at an expression relating the velocity of migration of an ion to the total

6
force acting.

As Fiks was unaware of Wever's experilnental results,

he instead compared his relation to experimental data on the Haeffner
effect.

This lead to the conclusion that the theory was at least qualita-

tively correct.
The first complete consideration of the problem of mas s transfer
in a pure solid metal, in terms of both theory and experiment, was
done by H. B. Huntington and A. R. Grone l on gold.

The theoretical

approach invoked here is basically the same as that used by Fiks.

In

other words, the electron stream exerts a force on the migrating
particle through the momentum change of the scattered electrons.
This force, in gold, is presumed opposite in direction to the force of
the electric field.

Then, the total force is incorporated into a modified

form of the Nernst-Einstein equation, yielc.ing the velocity as a function
of assorted parameters.
and current density.

Specifically, two para:.neters are temperature

When these parar. 'leters
.
are varied, the variation

of velocity as predicted by theory compares quite favorably with the
experimental results.

The main diffic'Jlty with the theoretical results

was their failure to have any deper::.dence or-. the sign of the charge
carriers as determined by the Hall e££ec:.

However, in 1962, this

deficiency was rectified in a paper by H. B. HUdington and Siu-Chung
H 0 8.

An error had occured in the first paper by Huntington in the

7

manner of computing the momen.tum transfer, and when corrected,
resulted in the correct sign dependen.ce.
Several other metals have also been ex;;;.m.ined experimentally.
The experimental results of Wever on cop;?er were verified by A. R.
Grone 9.

Platinum w.as considered by Huntin~ton and Siu- Chung HoS,

and aluminum was examined by R. V. PenneylO.

All these results

agreed with Huntington's predictions at least qualitatively.
Penney, in addition to his experimental data on aluminum, also
discusses the correlation between the

ve:oci-~y

rate of mass transfer.

-~he

He shov/s that

of the marker and the

exact relation is shape depen-

dent, although when the length of the specir':len i3 much larger than its
radius, the ratio of the two velocities ca::1 be taken to be one-third and
still be within experimental error.

L. Bosvieux and J. Friedelll hay<=: theoretically considered the
problem from quite a differ;::nt viewpoint.

They first show that in the

free electron approximation, in a first order perturbation treatment
of the applied field, the ions of a metal fe81 the direct action of the
electric field without any screening taking place.

If screening is taking

place, it is exactly compensated by the polarization field.

The same

statement is then shown to be true for an i:.n;JUrity replacing an ion
when one neglects the fact that the Fermi surface of the electron gas

8
1S

displaced by the introduction of the impurity.

feels the direct action of the electric field.

Thus, the impurity

Now when the displaceITlent

of the Fermi surface is taken into accou.nt, it ar.nounts to a polarization
of the iITlpurity, and therefore is the source of another force.

The sum

of these two forces will then produce a migration of the ions.
On comparing the results of the tV10 semi-classical derivations,
they can be seen to be alITlost equivalen:.

The difference is due to the

two different models that are used for diffusion; the computations of the
force on the ion in both cases have t:1.e sar.:le ol."der of approximation.
In this investigation of current induced mass transport, the general phenomenological equations will be considered first so as to present
a picture of the experimental situation.

The theoretical computations

are then divided into four sections: (1) the cetermination of the force on
a defect due to electron scattering, (2) a discussion of how the force on
the defect might be shared by the sl.lrrounding ions, (3) how an external
force affects the diffusion frequency of an ion, and (4) what the rate of
mas 5 transport is under the influence of an electric field.

So as to

simplify the discussion and the computations, numerical values for
copper will be used unless otherwise indicated, and vacancies will be
assumed to be the only defects present.

CHAPTER III
THE PHENOMENOLOGICAL EQUATIONS

The number of independent variables present in an experiment
should be a minirrmm, preferably one.

Frequently, this can r..ot be accom-

pUshed, and methods must be devised to sort out the various effects.

One

technique that can be used to formulate relations connecting the various
parameters is nonequiUbrium thermodynamics.

The basic theory of

this method can be obtained from D. D. Fitts12, and only its application
to the problem of mass transport will be co::::sidered in this section.
The equations that will be arrived at will relate the rate of mas s transport to the parameters of temperature, electric potential, and mass
concentration.
The four following equations are basic to the development of the
phenomenological equations.
The law of conservation of mass:

r

)

III. 1
->.

where ck is the concentration of componer..t k, Jk is the flow of component k with respect to the center of mas s mover.:lent, and

f

is defined

10
by

f
where

~

;

is the mas s density of componer:t k.

The equation of motion:

v·

fF

d;t

1\

0--

J'

III. 2
A

where a-

~

is the stress tensor, u is deiined by the relation

z;. )~ -air

)

f
-"

~

uk being the velocity of component k, and Ii' is defined by the relation

;t.

--..lo

->.

L:P~

F -'
-l..

where Fk is the external force on conponent k per unit mass of cornponent k.
The ener gy trans port equation:

III. 3
-"

where E is the specific internal ener gy, and J E is the flow of heat.
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The second law of thermodynamics as given by Gibb's equation:

-

d\rj

-r - . ,..IT

w.)...

where s is the specific entropy,

J.-! if

III. 4

is the chemical potential of com-

penent k, and d\V is the work done by the system.

In the case of a solid,

dW can be taken to be zero.
Eliminating the term dE/cit betweea equation III. 3 and equation
III. 4, and setting dW equal to zero,

f T d~-\fl~-\7=r
It - LK K)~
V ',I t.;
J

"

With a little manipulation involving the relatio1:.s III. 1 and III. 2, this
last equation in turn can be put into the fonn

III. 5
where

---'"

"TT

V

/\e

)

III. 6

and

X~

-

--'"

I

r: -Tv/ i-~

III. 7
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Now equation III. 5 is in the form of a conservation equation in
which entropy is being produced at the rz..te

=r

~I

-

.~

L 1. -'\I

-to

___ ~~I~;__~I}~.c~·

?

-I-

7--

__~,.(
__
·~_J~·_'
__I_'~,~:.____
~_________
; " "

-.-

)

!

.I

and there is an entropy flux

J
s

According to Onsager, if the rate 0:.': irreversible entropy production
can be expressed in the forITl

J -- ~>.-=). /\.
---.:..

-r
I

L-...J
~

\/

}
J.'...

.J,

)

and if it can be as sUITled that the forces producing the flow add linearly,
that is if

J

[

\/

/\

.

•1

Q

.1

J

then

OC .
..: j

The assmuption of linear additivity of £o:;:ces is true whenever
the systeITl is near equilibriuITl.

Also, in doing this sUITlmation, an

appeal has to be ITlade to Curie's theore:n.

This states that it is
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im.possible for a force of a certain tensorial character to give rise to a
flow of a different tensorial character.

Thus, in the problem at hand,

the phenomenological equations are:
---"'"

--:..

X

).

1:

ex.J.h'

J

L

C(
EK

-r

J.

\

O(r-'

..c.-=

H

I

AE

K

E

........

.........

V

+

;\1<

0<.

:.:.e

j{

X
\

e.

)

with the added conditions as shown by Onsager:

ex·..u; =

)

These equations are not all independer.t since it can be shown from the
definition that

II

o

"

.
,{

,

The significance of this staten'J.ent can best be seen by exam.ining the
case for a three component system.

-

_

ex.

II

(V1\ I

1\\/

J\

Thel': the flow equations become

\1)
I\:z.

1-

l:.

c<.'E

+-

-

Xi:

J

III. Sa
---1

J:

i\;
= CX/~(XI - X~) + c <.Z3\Iv

--'"

J.

0(1,

(X-X)-tJ

l. )

XJ

+ eX. 2./r
.

X
E

ilI.Sb

(X - ~ 1- (~'E t-«,e) X

ac(33\

.3

2./

E: J

ill. Sc
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and

I---- ;:

C(Je

(~-7~) ~

C<JE

(~3 -

x) ~

,
III. Bd

When the external force is due to an electric field, the forces
are given by equation III. 7

~

J)

Vf2r-TVj~
,
L T
1/

where qk is the charge of cOr::.1.ponent k, rnk is the mass of component k,
and

0 is

'~he potential.

Since the chemical potential

#-1

If

is dependent

on the concentration as well as the temperature, this equation expands
out to

X

o

=-

Ix

+~VT

T

i1

Equation~

)

III. 9

III. 8 ar.d equation III. 9 present the interrelations

between the various quantities that '.viE C2.use a mass flow.
these terms will of course be neg:.igitle.

Some of

For instance, the concentra-

tion gradient in a liquid requires a lO:l.g time to be established; in a
solid it will take even longer.

For the L:.sual experimental situation,

these terms can be ignored in the

p~'1.eno:nenc:,v ;icc.l

equations.

The desire, theoretically, is to be able to arrive at these
equations without having any undefined p:;"o?ortionality constants such

15
as OL 1J

'

(A.J.3'

and so on.

In the next few sections an expression will

be derived for the coefficient of the potential term.

In the derivation the

presence of the other effects will be neglected, and in order to obtain
the correct relations for the mass transfer, in an experimental situation,
equations III. 8 and equations III. 9 will have to be used.

CHAPTER IV
FORCE EXERTED ON A 'lACA:\fCY

There are many mechanisms by wb.ich mass motion can occur in
a solid.

As examples. two possible types are vacancy mechanisms

and interstitial processes.

A~

a71Y one time however, one mechanism

will tend to predominate over the others.

The major mode in copper,

for instance, as can be shown by cor. . siclering the activation energy, is
a vacancy mechanism.

That is, in copper, an atom moves from one

lattice site to an adjacent lattice site or. .ly if the latter is vacant.
The question now arises, what effec: eves a flow of electrons
have on the mechanism for mass motion?

If the lattice were perfect

and if all thermal motion of the lattice atoms were inhibited, thus making the lattice potential perfectly periodic, then a flow of electrons
would proceed unrestrained.

The actual r-re3ence of thermal vibrations

introduces a resistance to the electro71 flow by scattering the electrons.
Similarly, the presence of a lattice d,:;fec"c s;;.ch as a vacancy causes an
additional resistance.

The electron scattering, in this case, will arise

from the disruption of the periodicity of the pote:"-Ltial.
Since the scattering of an electron is a change in the motion of
the electron, a force is exerted on the eleci:ron.

According to Newton's
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third law of motion, there will then be an equal but opposite force on
the scatterer.

In other words, if an atom moves from one lattice site

to another, causing a change in the pericdic pctential of the lattice, the
electrons that are scattered by this perturbed potential will exert a
force on the migrating atom.

A discussion of the exact effect of this

force on the mass motion will be delayed to a later section.

In this

section the magnitude and direction of the force will be computed for
copper.

This will be done by finding the average rate of change of

momentum of the electrons as they interact with the potential of a
vacancy.

The potential of the vacancy is represented in the scattering

cross section of the vacancy in terms of the phase shifts.
Consider a gas of electrons as they a:;:-e scattered by the vacancy
defect.

It will be assumed that during a collision, the defect remains

at rest, and that the collision itself is elastic.
The magnitude of the incider~t electron flux, that is the number of
electrons that cross a unit area in a unit tim.e, corresponding to those
electrons with momentum between

Pi

and u

~ ~

-+

is given by

I
dff/:
,/I

IV.l

18
where m ~ is the effective mass of the electron and dn. is the number
1

of electrons per unit volume with a mome~tum between p; and p.
I
....

-+

--lo

dp ,/.•

This latter quantity can be written as

d117·
.A

IV.2
where n is the total number of free electrons per unit volume, g(p} is
the density of states in momentum space, and f(p) is the distribution
function for the electron gas.
Of these incident electrons, the number that are scattered into
the solid angle dD per second can be expressed in terms of the difierential scattering cross section of the defect:

IV.3
Note that the angles

e

and

¢

of the scattering cross sectior. . v(e/ ¢)

are measured with respect to the direction of the incident beam.

This

ensues from the definition of the differe::1tial scattering cross section.
The factor 1 - f(Pi:) is present to take into account the availability of the
final momentum state; that is, the probability the final state is not
occupied by another electron.

19
These scattered electrons, because of their change in direction,
have had a change in their momentum.

If t:his change were to be aver-

aged for an equilibrium gas of electrocs, it would turn out to be zet'o.
However, in the case under consideration, there is an external electric
field acting and it will influence the distribution of electrons in momentum space so that the average change in rrlOrnentum is non- zero.

Taking

the direction of the electric field to be the positive z-axis, the change
in momentum of the (i, f) electrons in the direction of the field is

As djif electrons execute this rnomentmu change every second, the
force on this portion of the electron gas is

IV.4
The force on those electrons entering with a mOlnentum Pi is then the
integral over all final states.
collision and therefore p

Remembering that this is an elastic

=lPfl =tI\l,

the equation becomes

IV. 5

20
where equation IV. 3 has been used for djif.
To compute the total force on the incident beam, considering
electrons of all possible initial m.omenta, integrations must be done
over all values of p,

e,{, and

¢~'.

Therefore, the total force on

the incoming electron gas is

In order to evaluate this integral, the following forms are used
for the functions appearing in the integral:
The scattering cross section 0-(9;9)

as expanded in terms of

the scattering phase shifts

IV. 7
where

IJ

is the Legendre polynomial of the

.1.

th order.

The density of states in mom.entum space is

J

IV.8
where V is the volume occupied by the N electrons of the electron gas.
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The distribution function f(p} of an electron gas under the influence
of an external electric field is

{(f)+

e.

E
IV. 9

where

E.

is the external electric field; 7

is the relaxation time

which is assumed in order to solve the Boltzmann transport equation,
and f (p) is the equilibrium Fermi-Dirac distribution function given by

o

£(f)=:

I

e.

~T

(~

'l.1f{Ij/

_£)
F

)

+
IV.IO

is the Fermi energy, k is Boltzmann's' constant, and T is
the absolute temperature.
Substituting equation IV. 9 into equation IV. 6, F

z

becomes equal

to the sum of the following five integrals:

/1l

[jl!~~>I(f)[4_~e]£(f1r-r.[f1 cr(eA) In)t)
"

IV.n

22

It/[jl'ffi~?t)[~-~j[-e.E7f.j~ ~e1u{~¢Jdnfdf.
IV.IS
The integral IV.n is the equilibrium. force which is exerted on the
electrons and thus will vanish.

Equation IV. 13 is of second order when

com.pared with equation IV. 12 and can therefore be neglected.
variable substitutions

ef -

e.i

and

~

_

q

If the

are m.ade in the integral

IV. 14, it becom.es the negative of the integral :V.lS and these integrals
will cancel each other out on addition.

Therefore

IV.16
Substituting equation IV. 7 and equation IV. 8, and doing the integrations over

rp.i

and

~

6==,,-erNfll~1 r; [~~-'G"i1"'] f1:~-0)~9i ~~.AW~ dfdB df
j

J

23
where

The table of integrals in Appendix A was used to perform the
and

e..i

integrals.

C}

The final result is

f = ;l..e.~ 'rN!J!-.I #; [-1333 y.. -.3't5y',
-0

1-

.3'l~ t +- .0711.

3

IV.l7
where

and where the

$

's are the phase shifts.

Numerical values for the

phase shifts for copper are given in a paper by P. M. Lee and N. H.
March13 , and are tabulated in Appendix B; slAbstitution of these values
in equation IV. 17 yields

IV.IS
Returning to equation IV.lO for the form of the distribution
function that appears in equation IV.IS, the integration over p can be

24

performed.

The result of all the integrations is

F.} -= - 5 77 ~e.h Fi

/'ffl

"* N~ J -} IJ(
'Vrl I -t

}/Yf/*J

C~~T)

e,

.

As in most cases
E:.0

-

F

»

J

)

thus

IV.19
This result is the total force acting on N electrons which interact with
a defect.

Since it is more convenient to have the average force per

electron, both sides of equation IV. 19 are divided by N yielding

Application of Newton1s third law of motion will now give the average
force exerted on the vacancy per electron collision in the direction of
the electric field:

IP~

J-

*---,57 7 ~
..L:1?
h 1IIl1-1rI

"?-EF·

C
C}

IV. 20
Following the argument as presented by H. B. Huntington and
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A. R. Grone l , it is seen that about ten electrons would collide with the
vacancy in the time that it would take the vacancy to move from one
lattice site to the next.

It is therefore plausible to as sume that the

force given by equation IV. 20 is a continuous force being exerted on
the vacancy.

CHAPTER V
FORCE EXERTED ON AN ION

In the preceding section a computation was done to obtain the
average force exerted on a vacancy due to collisions with electrons.
Now, the problem is to relate this force to the force of mass migration
that causes the lattice ions to move from one lattice site to another
lattice site.

In other words, in the vacancy mechanism for mas s

motion, the vacancy moves only when one of the ions surrounding the
I

vacancy migrates to this empty lattice site.

The force that is exerted

on the vacancy influences the way this interchange will take place.

As

it is the ion that is physically doing the moving, the force that is

exerted on an ion neighboring the vacancy is the force of importance
for mass motion.

In this section it will be shown that a reasonable

approximation to the force on an ion due to the electron scattering can
be obtained by dividing the force on the vacancy by the number of nearest neighbors.

This will be done by considering how the phase shifts

enter into the force on the vacancy, and then by determining how each
ion contributes to the evaluation of the phase shifts.

In addition to this

force, the force due to the external electric field will also be considered
in obtaining the total force on the

ion~
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In performing the computations necessary to evaluate equation
IV. 17, before doing the p integration, it turns out that the major contribution to the sum comes from the first two terms, Y

00

and Y l'
0

Of

these two terms, the Y oo term contributes a factor five times greater
than the Y 01 term.

Therefore, in the following discussion, reference

will be made only to the first term as regards contributions to the force.
From its definition

and therefore equation IV. 17 can be approximated by

where

However, as is shown by Powell and Crasemann14 , the phase shifts are
evaluated from the expression

V.l
where fp(P)

satisfies the differential equation

0)

28
and F

l

tf)

satisfies the differential equation

V.2
Thus

or substituting the functional form of fo([»

V.3
The potential V that appears in equation V. 3 is the potential
function of the vacancy.

When computations are to be made involving

this potential, for instance, in determining the phase shifts given by
equation V.l, a representative function is used.

Thus in the computa-

Hons done by P. M. Lee and N. H. lvlarch13 for the phase shifts, the
vacancy potential is assumed to be of the form e-qx/x, where q is a
constant.

This function actually represents the superposition of the

potentials of all particles in the lattice; that is, the potential due to all
ions plus all electrons composing the electron gas.

In theory, there-

fore, it is possible to expand the potential in equation V.3 in terms of
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its constituents and then, by determining how much each particle contributes to the total potential, determine the fraction of the force on
the vacancy that is exerted on the particle.
There are two major difficulties in following the procedure outlined in the preceding paragraph.

First, in order to evaluate the

integral in equation V. 3, the function F oC..P) must be determined.

This

must be done by solving the differential equation given by equation V. 2
which is seen to be dependent on the potential function V.

That is,

will also have to be expanded in terms of how much each particle contributes.
can be done.

It is not apparent either how or that this expansion

Second, the expansion of V requires the knowledge of the

location of all the constituents composing this potential.

Although the

location of all ions can be presumed to be known--they are situated at
the lattice sites--the locations of the electrons of the electron gas are
not known.

Thus, some assumptions would have to be mude about how

the electrons distribute themselves with respect to the vacancy_
Depending on the assumptions that are made, the distribution of the
force among the particles will vary.
A first approximation for the "sharing factor" can be obtained in
the followi ng manner.

In a perfect metal tn.e electrons are uniformly

distributed, screening out the effect of the field of one ion located in
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one part of the lattice on another ion in a different part of the lattice.
The presence of a vacancy alters the electron distribution and therefore
the way screening occurs.

Suppose that a particle of the same size,

shape, charge distribution, and so on, as an ion, is put in the same
place as the ion; however, let it have the opposite sign for its charge.
This is equivalent to saying that as far as the fields are concerned,
there is a vacancy present.

The effect of this substitution will be to

force the nearest electrons away from the "vacancy", and thus change
the way the electrons are screening this lattice site.

Contributions to

the vacancy potential from ions that are located at relatively large
distances will not be altered as the change in the electron distribution
is a local change.

That is, most ions will find that their contribution

to the vacancy potential is still exactly canceled by the electron
screening.

The ions that will find that their contribution is no longer

canceled out by electron screening will be those that are closest to the
vacancy_

As an initial approximation, it will be assumed that only the

contribution from the nearest neighbors is.0-:: canceled.

Of course,

even for the nearest neighbors, there will be some electron screening
present, but, as the electrons are forced away from the vacancy site
by the addition of the negative, charge, their screening effect will be

.

reduced.

Again, to a first approximation, the effect of the electrons
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will be neglected.

Therefore, t:"1e pot.:::ntial of tce vacancy is due to a

superposition of the potential of the r.eares~ ncizhbors.

As it has already

been shown that the force on :.he vacancy is related to the potential of
the vacancy, the force on one of the neigb.boring ions arising from
electron scattering is given by

.577

IJ

A

where A is the num';)er of

nea:.~est

,
7
n(!:ghbors.
The exte n~al electric

This is not the total force on the ion.

':'c..~'-i;lJ

field will also exert a force on the icr..

account, the total force exerted on i.llc ::.or. i.j

.577

.

~~

/;~t

I

r:

,

I/'"

this latter force into

6~ven

by

"._

·''-i "r6 f ]

.

J

V.4
A check on the valicii'_y of

Ta~ing

sect.ion

the uSl:al es:u2.tion

y
)

)

V.5
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as being suitable for the relaxation time, equation V.4 becomes at the
equilibrium point equivalent to

f ;:::; ).. 3 1..5.E- ;m~
h e,l. !1 /11

For copper, appropriate numerical val\l.es are:

Ep

= 11.26 x 1O-'~ erg

A

= 12

m'"-"

=

9. 19 x lO-.;I.i gm

e

= 4.8

n

=

8.48

h

= 6.62 x 10-;).'7 erg-sec.

X

10:3.:t. cm-"3

x 10

-fQ

e. s. u.

Thus

I

=

=

1.526 x 10- '7 e. s. u.

13. 7

Using the values given in the Handbook of Chemistry and Physics 15 for
the resistivity and temperature coefficient of resistivity at 1000oC. the
temperature corresponding to the above resistivity is T

=1072 o C.

This

is extremely close to A. R. Grone ' s 9 value of lOOOoC at which he
experimentally observed a reversal in the direction of mass

transpo:l..~t.

CHAPTER VI
MOTION OF THE ION

In this section, a computation will be done to obtain the average
velocity with which the ion migrates under the influence of the external
forces determined in the preceding section.

At times closely parallel-

ing the derivation of the Nernst-Einstein equa.tion, the derivation itself
will be on an atomistic basis.

The procedure will first require the

average velocity of the ion to be expressed in terms of the probability
(or frequency) with which an atomic jump is made.

In the second step,

the transition probability itself will be expressed in terms of quantities
dealing with the dynamics of the ion.

Then, a consideration of the

effect of the external forces on the dynamical quantities will lead to the
desired theoretical result.
As in the preceding sections, the model that is used will pertain
to copper.

That is, the basic crystal structure is face centered cubic

with diffusion occuring by a vacancy mechanism.
Suppose that the average number of jumps made every second,
for each of the type of atom that is diffusing, is given by

if n

I

r

Then,

is the number of these atoms per unit area on plane I, the number
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of atoms that will leave a unit area of plane 1 in the short period of
time

0'

t is

The quantity r~;t

is dependent on two factors.

It depends on the num-

ber of lattice sites to which the atom can possibly jump--usually the
number of nearest neighbors--and also on the frequency with which an
atom can jump between two given lattice points.

That is, if a second

plane is erected parallel to the first and separated by a distance equal
to the atomic jump distance, the flux of atoms from plane 1 to plane 2
is given by

where~:a.

is the probability of an atom jumping from plane 1 to a

specific neighboring lattice site in plane 2, and the 4 is the number of
nearest neighbor lattice sites on plane 2 to which the atom can jump.
Similarly, the flux of atoms from plane 2 to plane 1 can be expressed
as

J,
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Thus, the net flux of atoms between the two plane s is

As in the case of interest

there is no change in the concentration of

the atoms from plane to plane, this last equation can be written

VIol

Now, the number of particles that cross a unit area per second-that is the flux--is related to the average velocity of the atoms by the
equation

J==-

c1l

)

where c is the number of atoms per unit volume..

However, the concen-

tration c and the number of atoms per unit area are related by the
equation

where ex is the distance that an atom must jump to arrive at the next
plane.

Therefore equation VI. 1, on substitution of these last two

relations, becomes

71 =- JfeX (G - r::) .

VI. 2
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The term

r:.

can be written as three factors which describe the

process of an atomic jump.

This expression is given by

where the meanings of the factors will be explained in the following
paragraphs.
i%.)

ft,

is the pair distribution function in coordinate space, giving

the probability of finding an atom at lattice site i and a vacancy at
lattice site j.

r:

is the frequency with which the migrating atom achieves

critical amplitude.

That is, as the atom vibrates about its equilibrium

position, a certain fraction of these vibrations is large enough that
the attractive force due to the vacancy site overcomes the attractive
force of the atom IS original lattice site.

When this happens the diffu-

sion process can occur; the atom can migrate into the vacancy site.
(I,)

P

is the probability that the critical space configuration has

been attained.

Even if it is known that there is a vacancy at the proper

lattice site and an atom at its proper lattice site, and also that the
vibrational amplitude of the atom is large enough for diffusion to occur,
it is not known whether the path is clear for the migrating atom to
(1,)

proceed.

P

thus gives the probability that all atoms in the lattice
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are so located that the transfer of the migrating atom is possible.
S. A. Rice l6 has developed a formulation for these terms assuming that the motion of the atoms about their equilibrium lattice sites is

harmonic motion.

The anharmonic forces present are assumed to

appear only as the temperature is changed; that is, they change the
equilibrium position and frequency of the motion, but not the fact that
harmonic motion is occuring.

This result is:

VI. 3
where

¢ ,

the site fraction of vacancies, can be found from the num-

ber of atoms N that are available to fill the L lattice sites by the relation

¢
V

L- I{

L

)

is a mean frequency defined in terms of the coefficients o('.i

obtained when an expansion is performed on the coordinate of the
migrating atom as a function of the normal modes of the lattice, by the
equation

I: O(~ t~t_

r:

o(~

)
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(~)

JJtl.,i

is the pair correlation function; Uj is the energy needed to

displace the jth particle a distance qj from the equilibriunl position;
and U is the mininlum energy required by the migrating atom to reach
the critical displacement necessary for diffusion.
Although all factors, except perhaps the site fraction of vacancies,
are affected by an external force to some extent, the minimum energy
U will be influenced the most.

If the migrating atom is moving in the

direction of the total external force, it will be aided in its motion and
require a smaller minimum energy.

On the other hand, an atom

moving opposite in direction to the total external force will require a
larger minimum energy.

As the atoms surrounding the migrating atom

need to move only very short distances to allow diffusion to proceed,
the effect of the external force on their energies can be neglected.
Since the atoms have been assumed to execute simple harmonic
motion about their equilibrium positions when no external forces are
present, the minimum energy necessary for migration to occur is

where k is the force constant for the harmonic force and qo is the critical displacement at which ffiigration occurs.

On applying a

constant force F to the oscillator, its motion is
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given by

-t-

F
f?

where W

J

is expressed in terms of the mass M of the oscillating

particle by the definition

.Ji.
M

The energy of this oscillator at any time is

and at the critical point is

Uc;I;I:
Thus, the change in energy needed to reach the critical point is

or as F is small and k is large

•
VI. 4
If the value of the jump frequency
nal forces is denoted by

r:

I

r
1,:1.

when there are no exter-

then by equation VI. 3, the jump frequency
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r;;,.

when there is an external force can be written

)

VI.5
where the minus sign is chosen so that the direction of the force and
the direction of the flux are the same; if the flux of particles is in the
opposite direction to the force, then equation VI.5 would be written as

Equation VI. 2 now becomes

11 = JfCX

r [ e,-

,AU/I\T

0

- t

AU~r]

·

Since the coefficient of diffusion D is related to the jump frequency
by

D-±r:O(,
;I.

then

--

-

~

0 [_

;L

.

A»n.

0<..

hElL]
11'T ..

If the assumption is made that the critical displacement is half the jump
distance, then by equation VI. 4 this last equation can be written

--

/bD

-~

A;.."h ocF

~I'

)..RT
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On expanding the hyperbolic function to second order and substituting
equation V. 4 for the force, the final equation is

V -- - <6 k~T e- e[l - .:1...31
h

/YY)1f.

')

Jnn*l;.q

~!!...]

)

An alternative form that is useful for computations is

VI. 6
where J

was obtained from equation V. 5 and J is the current density.

If numerical values are substituted for those quantities which are not
temperature dependent, then

U=-')..7711.}O 7 [ f- /.5J..{,X/ O_17]
VI. 7

The theoretical curve in Figure 1 is a plot of this function where
the following choices were made for the temperature dependence of the
resistivity

~

and the diffusion coefficient D:
. - 3.08-'1 '/)~/T

D ==- J.f' 7 e,
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The numerical values for the constants appearing in the coefficient of
diffusion were obtained from W. JostI 7 • numerical values for the
resistivity at temperatures below lOOOoC were obtained from the International Critical Tables 18 • and values for the redstivity at temperatures above lOOOoC were obtained from the Handbook of Chemistry and
Physics 15 .

The experimental points that are plotted were taken from

a scatter plot given in a paper by A. R. Grone 9 .

The dotted curve is

the theoretical curve after all points have been shifted eighty degrees.
In plotting the theoretical curve. difficulties were encountered
in trying to find a formula for the resistivity that covered a sufficiently
large temperature range.

As the resistivity is the critical factor in

determining the maximum point in the curve and in determining the
point where the migration changes direction, better numerical values
are needed at the higher temperatures than are at present available.
In spite of this difficulty, the shape of the theoretical curve is in fair
agreement with the apparent form of the experimental points.

On

shifting the theoretical curve about eighty degrees lower, the experimental points appear to fall uniformly about the curve.

This agreement

suggests that the basic assumptions made in the derivation are correct.

CHAPTER VII

DISCUSSION OF RESULTS AND CONCLUSIONS

The expression for the migration velocity per unit current
density

where

I'

is the resistivity, D the coefficient of diffusion, and T the

absolute temperature is in fairly close agreement with the experimental
data.

Points of particular significance are the point where the velocity

is zero, and the point where the maximum velocity is achieved.

From

the theoretical curve the zero velocity point occurs at a temperature
of 1345 0 K, and the maximum value, 1. 53 x 10- 22 cm 3 / statamp. -sec.,
at a temperature of 1280 o K.

Experimentally, the zero velocity point

is around 1285 0 K, and the maximum value observed. 1. 7 x 10- 22
cm 3 / statamp. - sec., occurs around a temperature of 1165 0 K.
Although the theory is satisfactory in explaining the mass
migration in copper, further confirmation will depend on how well it
predicts the mass motion in other metals where experimental data is
available, such as gold 9 , aluminumlO , and platinum 8 •

This requires

theoretical knowledge of the exact phase shifts, which are at present
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not available.

An attempt was made to compute these values for gold

by using the approximate formula

J
j

Unfortunately, this formula is valid only for large values of
whereas the phase shifts for small

.e

are needed.

.1.

A check on the

order of magnitude of the error involved was obtained by using this
approximate formula for copper.

As these values of the phase shifts

differed substantially from the values given by P. M. Lee and N. H.
March13 , the results for gold were also considered inaccurate, and
no worthwhile information could be drawn from them.
A critical factor is the choice of the temperature dependence of
the resistivity and coefficient of diffusion.

The coefficient of diffusion

has its greatest influence on the curve at temperatures below the temperature of the maximum point in the curve, determining how fast the
curve increases and partially determinin:; tb.e maximum value.

The

resistivity becomes important at the temperature of the maximum
point in the curve, not only contributing to the determination of the
maximum value, but also determining the temperature at which mass
migration reverses direction.

Therefore, the correct temperature

variation of both these functions, in the temperature range of 850 0 C
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to 1050 o C, is needed.
In conclusion, the equation

determined from a semi-classical atomistic picture of a metal, satisiactorily describes the experimental observations for copper.

Further

verification of this result will depend on future computations of phase
shifts in other metals and on the experimental determination of the
resistivity of these metals at temperati,;;.res approaching their melting
point.
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APPENDIX A

A Table of Integrals Involving Legendre Polynomials
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APPENDIX B

Phase Shifts for the Scattering of Electrons by Vacancies in Copper
The following phase shifts were computed by P. M. Lee and
N. H. March13 using a Born-Mayer potential for the vacancy

do
J;

= -0.668

it

= -0.047

~

= -0.012

~

= -0.003

= -0.
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